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The purpose of this document is to provide a cakugpreadsheet for the design of second-order pseud
gaussian shapers. A very interesting referencgivisn by C.H. Mosher “Pseudo-Gaussian Transfer
Functions with Superlative Recovery”, IEEE TNS Mok 23, p. 226-228 (1976). Fred Goulding and Don
Landis have studied the structure of those fileard their implementation and this document willlioet

the calculation leading to the relation betweencihefficients of the filter.

The general equation of the second order pseudssga filter is:
f(t) =P, e sin’(kt) 1)

The parametek is a normalization factor.
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1. Filter Transfer Function

A possible implementation of the filter is basedtloa following schematic (modified Bridge T):

e

MV in o 1 >Vout
: Il

Figure 1: Schematic of the second-order pseudo gaian shaper.

The analysis conducted hereafter assumes that alhé components of the schematic of Figure 1 are
ideal.

1.1. Notations

The following notations are adopted for the caltiales:

1+ sRC
« Z =R//IC =— "1
1 Rl 1 Sq
1
. 7o ==
c2 sC,
] _ 1
*“Re,

= The voltage potentials on nodes A, B or C are ndedVg, or V.
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1.2. Transfer function calculation
The analysis of the circuit leads to the followBygtem of equations:

=  Summing all the currents at node A gives:

\i+v_5+hzo
Zl ZCZ R2

= The potential ¥ is equal to {;and can be expressed as a functionof V

Vout = ; VB
1+ sRC,

Equation (3) can be rewritten as:

VB = (1+ SR’:CB)Vout
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)

3

4

Replacing \4 in Equation (2) with the expression of Equatiopléads to the filter transfer function:

— Vout — _ S%Cl
HE=y"= (1+sRC, J1+ SRC, (1+ sRC,)]

n

Introducing the acoefficients, Equation (5) can be rewritten as:

H (S) — Vout - Saiazastcl

V, (s+a)s®+a;s+a,3,)

(5)

(6)
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2. Step Response

In the Laplace space, the unity step responseediltar is given by the following equation:

F(s)= H(s)xé - Ta%aRG @

(s+a)(s”+a,s+a,a,)

The pole separation is the next step of the armlgsid Equation (7) must be expressed as:

+

F(s) = a p+ys
s+a, S +a,s+aa,

The coefficientsy,3,y can be determined by identification with Equati@i, (eading to the following set of

equations:

a+y=0
a-a+p+a-y=0
a8, -a+a - f=-aa,auRC

Leading to the solution:

o = ;a1a233R2C1
a, —aa;+ a,a,

B = (al - a3)-a

y =-a

Finally Equation (7) can be written as:

F(o) =~ 3%ARC, { 1 S+(a3—a1)} ©

a’-aa,+aa [S+a S +35+a3,
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2.1. Pseudo-Gaussian Function

Equation (8) represents the general Laplace respohthe two-pole filter to a step function. Irder to
obtain a pseudo-gaussian response similar to Egquéti), the coefficientsy must follow some criteria.
The first term of the parenthesis corresponds tdekny function in the time domain, which can be
associated to the delay component of the pseudss@aufunction (hypothesis #1). The second tersn ha
either complex poles or real poles depending orctedficient values. In the case of complex potks,

time-domain equivalent function will contain a ssieidal component (hypothesis #2).

The denominator of the second term of the pareistiegiven by the following equation:

2 2
sz+ags+a2a3:(s+%j +a2a3—(%j 9)
= Hypothesis #1.: a=2a
Equation (9) can be rewritten as:
2 2 2
s’+a,s+aa,=(s+a) +23aa,-a (10)
= Hypothesis #2: 28, — a°> 0 < 2a> & (since 3 > 0)

In this case, the roots of the polynomial exprassepresented by Equation (10) are complex, ingurin

that the time-domain response is sinusoidal.

s’ +a,s+aa, =(s+a) +b° (11)

with |b?=2aa,-a° (12)

With those conditions on the coefficients, the ¢ansterm of Equation (8) can be simplified:

_a1a2a3R2C1 — _2a2 x&
a’-aa+aa 28,-3 R

The step response of the filter can be expressed as

—-2a, R, 1 S+a
F(s) = = -
(s) 2a2—a1>< R, {s+a1 (s+a1)2+b2} (13)
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Finally the time domain response of the filter is:

(t) :%x%xexd—ai-t)x[l—cos(b-t)] (14)

The fourth term of the expression can be expreaseaxsine function the following way:

1-codb-t)= Zsinz(gtj

Leading to the expression:

—4a R2 . b
f(t)=——2 x—2xexd—a, -t)xsin?| -t
(t) 2a2—a1XRlxeXF( a, -t)xsin (2 j (15)

This expression is only valid under the conditionsf the hypotheses #1 and #2.

2.2. Peaking Time

When designing any shaper, the peaking time isobiee main criteria. The peaking time correspotal
the maximum of the functiohdescribed by Equation (15). The peaking timénésdfore one of the roots

of the function’s derivative.

f(t) :ix%xexd_ai 't)XSin(g-t]xco{g-t}{b—ai -tar(g-tﬂ

28.2 —a
The solutions of the equatiofi’(t) = Oare numerous and are:
t=0
t= EArctg(Rj +n-7, n=0,1,2...
b a
The first solution (= 0) shows that the response starts with a horizomajetat. For the other solutions, it

can be shown that n=0 corresponds to the maximutimeofunction. The others roots (n>0) lead to lepp

on the relaxation of the pulse and it can be shilvahthe amplitude of those is negligible.
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The peaking time of the second-order pseudo-gausk@per is given by

2 b
= Z Arctgl —
= rcg[ ] (16)

2.3. Peak Value

The expression of the peak value is obtained blacamt by 7, in Equation (15).

—4a, R, i b
Peak_Value= f(r ) =——x—=xexp—a, -7, Jxsin (Arctg[—n
p 2a2 —31 Rl d D) 31

Taking into account that:

sin’{(x)= 1ir:n(zx()x)
2
Then:  sin?[Arctg(y)]= y2y+1
Yielding to,
Peak_Value= f(z,) =%X%xexr{—ayrp)x 07 kfaf (17)
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3. Filter Synthesis

The analysis conducted so far did not include thexiic expression of Equation (1) in which theatin

betweern; andb is fixed.
f(t) =P, e sin’(kt) 1)

The results from the previous sections will be egupko this particular example. After determinitig

expression of coefficients, a few examples will be given.

3.1 Expression of the Filter coefficients as a function of k

This expression has to be compared to Equation {li&gh leads to:

a, =3k
b =2k
From those parameters it is possible to calcudattom the expression df (Equation 12) ands from
hypothesis #1:
13
a, ="~k
6
a, = 6k

Hypothesis #2 is always verified for any valuekof

With these coefficients, the expression of the ficieft Py is the following:

The filter step response can then be written as:

F(t) = —1_2?&% &3 sin? (k)

The peaking time expression is then:

T, = % Arctg(é] (18)
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Finally, using Equation (17), it is also possildecalculate the peak value:

Peak Value=-2x % X ex;{— 3 ArCtg(éﬂ (19)

The peak value defines the ratio gfd&¥er R and can be made independent of the values ofdhking

time and of the parameter k.

Since the filter synthesis always starts with theice of the peaking time, it is important to cédte the

relations of the coefficients to the peaking timethis particular function.

3.2 Expression of the Filter coefficients as a function of the peaking time

The peaking time expression given by (18) yields:

k= 1 Arctg(gj (20)
T, 3

It is therefore possible to express all the coiffits as a function of the peaking time.

Peaking time | ¢,
a & = = ArCtg(Zj
7, 3
13 2
= Arctg —
*® *“6r, 9(3)
as a; = 6 Arctg[zj
7, 3

Table 1: Filter Coefficients vs. Peaking Time
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3.3. Example

= Coefficients’ Calculation

= Implementation

LBNL-52855

Peaki ng Ti e 1. 00E- 07
K 5. 88E+06
A1=3K 1. 76E+07
A2=13K/ 6 1. 27E+07
A3=2A1=6K 3. 53E+07
A1=1/ (RI1xCl) C1 6. 80E- 11

R1 8. 34E+02
A2=1/ (R2xC2) Q2 6. 80E- 11

R2 1. 15E+03
A3=1/ (R3xC3)  C3 6. 80E- 11

R3 4. 17E+02
Peak Val ue 4. 75E-01

Table 2: Calculation Example
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Figure 2: Filter Implementation
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=  Simulation Results

600mV
400mv 74/ \SJ
200mv /
75 s
OV4s / - = =
-200mv
Os 0. 2us 0. 4us 0. 6us 0. 8us 1.0us

o V(R4:2)

Ti me
Figure 3: Response of the filter to a voltage stemplitude —1V).

The peaking time of the pulse is 100ns and its &ngd is 475mV, as the calculation predicted.
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Disclaimer

This document was prepared as an account of wanksgped by the United States Government. While this
document is believed to contain correct informatiogither the United States Government nor any @gen
thereof, nor The Regents of the University of Qatifa, nor any of their employees, makes any wayran
express or implied, or assumes any legal respdihgitor the accuracy, completeness, or usefulrdsmy
information, apparatus, product, or process digdpsr represents that its use would not infringeagely
owned rights. Reference herein to any specific ceroial product, process, or service by its tradeea
trademark, manufacturer, or otherwise, does notessxily constitute or imply its endorsement,
recommendation, or favoring by the United StatesegBument or any agency thereof, or The Regents of
the University of California. The views and opinsoof authors expressed herein do not necessaatly st
reflect those of the United States Government gragency thereof, or The Regents of the University
California.

Ernest Orlando Lawrence Berkeley National Labosai®@an equal opportunity employer.
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